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Recent ground–state–focused studies of the tensor effects in the mean–field framework are our
starting point. On the basis of phenomenological arguments, we indicate regions for acceptable
values of the parameters that are associated with the tensor effective forces within both the Skyrme
and the Gogny models. We identify acceptable signs and values of the parameters by making an
adjustment on the neutron 1f spin–orbit splitting for the nuclei 40Ca, 48Ca and 56Ni. The first
nucleus is not used to adjust the tensor parameters because it is spin–saturated, but is employed to
tune the spin–orbit strength. One of the main conclusions of this work is that some existing Skyrme
parametrizations containing the tensor force should not be employed because the wrong sign of
the tensor parameters does not lead to the correct behavior (by comparing with the experimental
results). This study also allows us to better constrain the tensor parameters in the Gogny case,
where much less work is published and boundaries and signs for the parameters have not been
analyzed so far.
PACS numbers: 21.60.Jz, 21.10.-k,21.10.Pc
I. INTRODUCTION
Tensor effects in mean–field–based theories with effec-
tive interactions have been extensively studied by several
groups in the last decade.
An early attempt to adjust the tensor parameters was
performed in the 70s by Stancu et al. [1] on top of
the Skyrme parametrization SIII [2] and provided in-
dicative boundaries for the values of the tensor parame-
ters, that constitute the so–called Stancu–Brink–Flocard
(SBF) triangle. Recently, more modern and upgraded
parametrizations were proposed, some of them going be-
yond the limits fixed by the SBF triangle. Tensor param-
eters were introduced in Ref. [3], based on the Skyrme
parametrization Skx [4]. Brink and Stancu reconsidered
their previous adjustment and provided new tensor pa-
rameters by including this time also single–particle ob-
servables of exotic nuclei in the adjustment procedure
[5]. Colo` et al. introduced tensor parameters [6] on top
of the Skyrme interaction SLy5 [7]. Lesinski et al. ad-
justed 36 parametrizations by performing a global fit of
all the Skyrme parameters including the tensor contribu-
tion [8]. New tensor parameters were proposed also in
Refs. [9, 10], where a special emphasis has been put on
the importance of using single–particle properties in the
adjustment of the parameters.
Much less work has been published for finite–range in-
teractions. In the interactions introduced by Nakada, a
finite–range (Yukawa form) tensor term is included [11].
On the other side, the tensor contribution is systemat-
ically disregarded in the currently used Gogny interac-
tions [12], like D1S [13] and D1M [14]. In the pioneering
study of Onishi and Negele, a Gaussian tensor term was
added to a Gaussian central term and its effects were
analyzed [15]. The first parametrization in the frame-
work of the full Gogny interaction was introduced only
very recently by Otsuka et al. [16], by including a Gaus-
sian tensor–isospin term and by refitting all the other
Gogny parameters together with the tensor parameter.
Also Co’ et al. introduced a finite–range tensor–isospin
term [17], but the tensor contribution was added on top
of the existing D1S and D1M Gogny interactions. More
recently, a pure Gaussian tensor term was included to-
gether with a tensor–isospin term of the same type to
allow the authors to adjust in a separate and indepen-
dent way the neutron–proton and the like–nucleon tensor
contributions in the Gogny framework, as is commonly
done in the Skyrme case [18]. It has been shown that
the neutron–proton and the like–particle contributions
are indeed proportional and have the same sign if only a
tensor–isospin term is included.
In this work, we start from some existing parametriza-
tions with the objective of putting global phenomenologi-
cal boundaries for the acceptable values of the parameters
governing the neutron–proton and the like–particle con-
tributions of the Skyrme and Gogny tensor forces. For
the Skyrme case, the existing parametrizations of Colo` et
al. [6] (that we call SLy5T) and Brink et al. [5] (SIIIT),
as well as four parametrizations taken from the work of
Lesinski et al. [8] will be considered. As an illustration,
we have chosen T11, T14, T41 and T44 because each of
these parametrizations explores one of the possible signs
of the two tensor parameters. For the Gogny case, there
is only one study where the two tensor contributions have
been studied independently [18]. Our starting point for
the Gogny case will be the interaction D1ST2a intro-
duced in Ref. [18].
We follow the same idea as in Refs. [9, 10] and analyze
the neutron 1f7/2−1f5/2 spin–orbit splittings in the three
nuclei 40Ca, 48Ca and 56Ni. First, we check the 1f spin–
orbit splitting in the spin–saturated nucleus 40Ca and
modify the spin–orbit parameter to better reproduce this
2quantity. We then check how well the neutron 1f spin–
orbit splitting is reproduced in the nucleus 48Ca. In this
case, only the like–particle contribution enters into play
because this nucleus is spin–saturated in protons. We
mention that this spin–orbit splitting has already been
used in Ref. [18] to adjust the like–particle part of the
Gogny tensor term. In this second step, the parameter
governing the like–particle contribution is modified. Fi-
nally, we check the neutron–proton contribution of the
tensor term in the nucleus 56Ni where both contributions
are active and we adjust the corresponding parameter
(the like–particle part, already fixed in the previous step,
is kept fixed). This procedure follows what has been done
in Ref. [10] where, in the context of the Energy Density
Functional (EDF), the isoscalar tensor coupling constant
CJ0 has been adjusted on the 1f spin–orbit splitting of the
nucleus 56Ni and the isovector tensor coupling constant
CJ1 has been adjusted on the same spin–orbit splitting in
the nuleus 48Ca. It has to be mentioned that, in Refs.
[9, 10], the single–particle energies are evaluated for even
nuclei by using the theoretical mass of such nuclei and
the masses of the neighboring odd nuclei. This allows the
authors to perform a more meaningful comparison with
the corresponding experimental single–particle energies
that are extracted in the same way from the experimen-
tal masses. To do this, a correct treatment of odd nuclei
has to be done by breaking the time–reversal symmetry.
To compare with the experimental values we treat in this
work only even nuclei, we keep the spherical symmetry
and we use the single–particle Hartree–Fock (HF) ener-
gies.
The present article is organized as follows. In Sec. II
the meaning of the tensor parameters in the Skyrme and
Gogny cases is briefly recalled. In Sec. III the 1f spin–
orbit splittings are analyzed in the three nuclei 40Ca,
48Ca, and 56Ni and the tensor effects related to each pa-
rameter are studied. The spin–orbit paramater (tensor)
parameters are modified to better reproduce the exper-
imental values in 40Ca (48Ca and 56Ca). Regions for
acceptable values of the parameters are identified. Con-
clusions are reported in Sec. IV.
II. PARAMETERS
In the following, we assume for simplicity spherical
symmetry and perform HF calculations by neglecting
pairing correlations. The correlations associated to the
particle–vibration coupling are also neglected. The ob-
jective is not to perform accurate adjustments, but to
provide some trends and to exclude, on the basis of phe-
nomenological arguments, regions of parameter values
that lead to an incorrect description of the tensor effects.
A. Skyrme case
By considering the zero–range tensor term already in-
cluded in the original work of Skyrme [19], the so–called
J2 terms appear in the mean–field Hamiltonian density,
where J is the spin–orbit density. The two parameters
governing these terms are often called α and β. They
contain both a central–exchange contribution (αC and
βC) and a tensor contribution (αT and βT):
α = αc + αT ,
β = βc + βT .
The parameters αC and βC are expressed in terms of the
Skyrme parameters of the velocity–dependent terms:
αC =
1
8
(t1 − t2) −
1
8
(t1x1 + t2x2) ,
βC = −
1
8
(t1x1 + t2x2) .
The parameters αT and βT are written as:
αT =
5
12
U,
βT =
5
24
(T + U) ,
where T and U are the strengths of the Skyrme zero–
range tensor force in even and odd states of relative mo-
tion, respectively [19]; αT describes the like–particle and
βT the neutron–proton tensor contributions. The Hamil-
tonian density that is obtained within the variational HF
scheme by starting from the Skyrme–Hamiltonian repre-
sents the so–called Skyrme energy functional, that is a
functional of the local density. The coupling constants
of this density functional are expressed in terms of the
Skyrme parameters. On the other side, within an EDF
perspective, by writing down a functional of the local
density in its most general form, the tensor contribution
is governed by the so–called isoscalar CJ0 and isovector
CJ1 coupling constants, that are related to the above men-
tioned parameters α and β as follows:
α = CJ0 + C
J
1 ,
β = CJ0 − C
J
1 .
B. Gogny case
We consider a Gaussian tensor term like in Ref. [18]:
V (r1, r2) = (VT1 + VT2P
τ
12)S12exp[−(r1−r2)
2/µ2T], (1)
where P τ12 is the isospin exchange operator and S12 the
usual tensor operator. The range µT of this force has
been chosen in Ref. [18] equal to the longest range of the
D1S Gogny interaction, that is 1.2 fm. The parameters
VT1 and VT2 represent the strengths of the tensor force.
In particular, VT1+VT2 is the strength of the force acting
in like-nucleon pairs whereas VT2 represents the strength
for the neutron–proton contribution.
3SLy5T SIIIT T41 T11 T14 T44 D1ST2a
Old W 126.00 120.00 138.15 103.74 128.51 161.37 130.00
New W 101.00 95.50 103.00 100.00 101.00 105.00 103.00
Table I: Upper line: standard spin–orbit parameters W as-
sociated to each force. Lower line: reduced spin–orbit pa-
rameters W obtained to reproduce the neutron f spin–orbit
splitting in the nucleus 40Ca. The reported values are in units
of MeV fm5.
III. NEUTRON 1f7/2 − 1f5/2 SPIN-ORBIT
SPLITTING
Let us consider first the fully spin-saturated nucleus
40Ca. The 1f spin–orbit splitting is not dependent on the
tensor part of the force for this nucleus. This guarantees
that the spin–orbit parameter can be tuned in a clean and
proper way because it represents the only contribution to
the spin–orbit potential. In the upper panels of Fig. 1
we show the neutron 1f7/2−1f5/2 spin–orbit splitting for
the three nuclei 40Ca (a), 48Ca (b), and 56Ni (c) obtained
with the chosen Skyrme forces and the Gogny interaction
of Ref. [18]. The experimental values are taken from
Ref. [20]. It has to be mentioned that the neutron f5/2
state is strongly fragmented in the nucleus 40Ca. For our
adjustment, we have used the cetroid energy that is equal
to 6.8 MeV and that is evaluated in Ref. [20] by taking
24 states between 4.9 and 9.1 MeV. This centroid value
is coherent with that reported in Ref. [21].
We observe in panel (a) that the spin–orbit splitting is
systematically larger than the experimental value with all
the used effective interactions for the nucleus 40Ca. We
thus reduce in all cases the spin–orbit parameter of the
force to obtain a value closer to the experimental splitting
(d). The reduced spin–orbit parameters W are reported
in Table I. For simplicity, we employ along this work the
same names for the forces, even if the parameters are
refitted.
By using the reduced spin–orbit parameters, the neu-
tron f spin–orbit splittings are evaluated also for the
other two nuclei and the corresponding results are re-
ported in the panels (e) and (f) for the nuclei 48Ca and
56Ni, respectively.
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Figure 1: (Color online) Upper panels: neutron f spin–orbit splittings calculated with several Skyrme and Gogny forces for
the nuclei 40Ca (a), 48Ca (b), and 56Ni (c), respectively. The experimental values are also shown. (d), (e) and (f): same as in
the upper panels, but calculated with the reduced spin–orbit parameters.
Let us first analyze the case of the nucleus 48Ca. This
nucleus is spin–saturated in protons whereas it is not sat-
urated for the neutrons. The tensor contribution to the
Hamiltonian density and to the spin–orbit potential is
due only to a like–particle neutron–neutron effect. There
is thus a neutron–neutron tensor contribution to the f
spin–orbit splitting. We observe in panel (b) that the
spin–orbit splitting (evaluated with the standard spin–
orbit parameter) is in some cases larger and in other
cases smaller than the experimental value. In the case
4of the Gogny interaction the spin–orbit splitting is prac-
tically the same as the experimental value because the
interaction D1ST2a was fitted in order to reproduce that
value. When the reduced spin–orbit strength is used (e),
the values are almost in all cases smaller than the experi-
mental splitting, with the exception of SLy5T and SIIIT.
The tensor force should now be used to better tune the
theoretical splitting.
To better analyze the effect of the tensor correlations,
we plot in Fig. 2 the neutron 1f splitting obtained for the
nucleus 48Ca by employing the reduced strength for the
spin–orbit part (adjusted for the nucleus 40Ca) and by
comparing the results obtained with (b) and without (a)
the like–particle tensor contribution. In the latter case,
the parameters αT for the Skyrme force and VT1 + VT2
for the Gogny force are put equal to zero. The param-
eters βT and VT2 may take any arbitrary value because
their effect is in any case negligible. We keep for these
parameters the same values associated to each original
force. When the tensor effects are quenched, the spin–
orbit splitting is in all cases much lower than the ex-
perimental value (a). We observe that the action of the
tensor force goes in the correct direction (towards the ex-
perimental value) for the interactions SLy5T, SIIIT, T41,
T11, and D1ST2a and in the opposite direction for T14
and T44. The first five cases correspond to negative val-
ues of α and VT1 + VT2, whereas in the last two Skyrme
parametrizations α is positive. The effect for the case
T44 is very weak because the corresponding value of αT
is small. This first analysis indicates that the acceptable
values of α and VT1 + VT2 are those that lead to an in-
creasing spin–orbit splitting for the nucleus 48Ca, that is,
both α and VT1 + VT2 negative. We thus keep only the
interactions SLy5T, SIIIT, T41, T11, and D1ST2a. For
these cases, we modify the parameters αT (for Skyrme)
and VT1 + VT2 (for Gogny) to better reproduce the ex-
perimental value of 8.8 MeV. The results are shown in
Fig. 3 and the new parameters are listed in Table II.
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Figure 2: (Color online) (a): Spin–orbit splitting calculated
by putting equal to zero the parameters αT and VT1 + VT2.
(b): Same as in panel (e) of Fig. 1.
Let us now look at the nucleus 56Ni. From Fig. 1, we
can make the same comments done for 48Ca. Some of
the calculated 1f splittings are larger and others smaller
than the experimental value in panel (c). When the re-
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Figure 3: (Color online) Spin–orbit splitting calculated by
refitting the parameters αT and VT1 + VT2 to reproduce the
experimental value.
SLy5T SIIIT T41 T11 D1ST2a
-170.00 -155.00 -215.00 -175.00 -75.00
Table II: Tensor parameters αT (first four columns) and VT1+
VT2 (last column) adjusted to reproduce the 1f splitting in
the nucleus 48Ca. The reported values are in units of MeV
fm5.
duced spin–orbit parameter is employed, almost all the
values become smaller than the experimental value, with
the exception of the SLy5T and T11 cases. By using now
the reduced spin–orbit parameter and the refitted values
for αT and VT1+VT2, we evaluate again the f spin–orbit
splittings for this nucleus with the interactions that have
been selected in the previous step. The results are shown
in Fig. 4 for βT and VT2 equal to zero (a) and different
from zero (b). When the neutron–proton tensor effects
are quenched (a) the splittings are in all cases larger than
the experimental value. We observe in panel (b) that
for the Skyrme cases SLy5T, SIIIT and T41, and for the
Gogny case D1ST2a the tensor effects are correctly pre-
dicted leading to a reduction of the splitting, towards
the experimental value. For the T11 case, the splitting
increases when the neutron–proton tensor contribution
is taken into account. In the first four cases, the pa-
rameters β and VT2 are positive whereas in the T11 case
the parameter β is negative. We can thus exclude the
interaction T11.
The parameters βT and VT2 can now be adjusted to
better reproduce the splitting in the nucleus 56Ni for the
remaining three Skyrme cases and for the Gogny case.
The refitted spin–orbit, αT and VT1 + VT2 parameters
are used. The results are shown in Fig. 5 and the re-
fitted parameters are listed in Table III. Also the old
parameters are shown in Table III for comparison.
To summarize the results reported in Table III, we ob-
serve that the spin–orbit parameter has to be systemat-
ically reduced for all the forces under study to provide
the correct splitting in the nucleus 40Ca. The correct
5SLy5T SIIIT T41 D1ST2a
Old W 126.00 120.00 138.15 130.00
New W 101.00 95.50 103.00 103.00
Old αT or VT1 + VT2 -170.00 -180.00 -180.65 -20.00
New αT or VT1 + VT2 -170.00 -155.00 -215.00 -75.00
Old βT or VT2 100.00 120.00 94.04 115.00
New βT or VT2 122.00 50.00 55.00 60.00
Table III: Old and refitted values for the spin–orbit W and
for the tensor parameters. The reported values are in units
of MeV fm5.
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Figure 4: (Color online) (a): Spin–orbit splitting for the nu-
cleus 56Ni by using the refitted parameters αT and VT1+VT2
with βT, VT2 = 0; (b): same as in (a) with βT, VT2 6= 0.
trend for the like–particle tensor effect is obtained only
with those sets of parameters where α and VT1+VT2 are
negative in the Skyrme and Gogny cases. The absolute
values of these parameters have been modified in almost
all cases (not for the SLy5T case) with respect to their
original values. The signs of the parameters are equal to
those used in Ref. [18], where the like–particle tensor be-
havior was analyzed in some applications. As far as the
neutron–proton effect is concerned, the value of β has
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Figure 5: (Color online) Spin–orbit splitting for the nucleus
56Ni by using the reduced spin–orbit strength and the refitted
parameters αT and VT1 + VT2, βT and VT2.
been in some cases increased and in other cases reduced;
the value of VT2 has been decreased. The global result is
that these parameters have to be positive. This sign pro-
vides the proton–neutron tensor mechanism as expected
according to the shell–model calculations of Ref. [22].
This was already underlined in Ref. [23]. The opposite
sign would lead to the opposite behavior.
On the basis of these phenomenological adjustments
and arguments, the acceptable signs of the parameters
can be identified and the regions of values can be indi-
cated in a qualitative way. This implies first that several
existing Skyrme parametrizations that include the ten-
sor force should not be employed: in particular, all the
parametrizations of Ref. [8] where α is positive or β is
negative cannot reproduce the phenomenological results.
For the Gogny case, the present work indicates that the
parameters VT1+VT2 and VT2 should have the same sign
as the corresponding Skyrme parameters α and β.
We see from the new parameters shown in Table III
that the strength that controls the like–particle effect of
the tensor force (αT or VT1 + VT2) is always larger than
the value of the parameter responsible for the neutron–
proton effect of the tensor force (βT or VT2). The ratio
between the two strengths is equal to -1.4, -3.1, -3.9, and
-1.2 for the new parametrizations SLy5T, SIIIT, T41, and
D1ST2a, respectively. In the original cases, the four ra-
tios were equal to -1.4, -1.5, -1.9, and -0.2, respectively.
These ratios have been strongly modified for the cases
SIIIT, T41 and D1ST2a. In particular, the most impor-
tant change is in the case of the Gogny interaction, where
the ratio was originally less than 1. With the present
adjustment, this ratio becomes similar to that obtained
with the interaction SLy5T. This result is interesting
and was not necessarily expected because the ranges of
the tensor force are different in the Skyrme and Gogny
models. This indication can also be useful for a future
adjustment of a full Gogny parametrization including a
pure tensor and a tensor–isospin term.
As already stressed, these adjustments are qualitative
for two reasons: (i) they are done at the simple HF level;
(ii) the other parameters of the forces are not readjusted
within a global fitting procedure. We have thus checked
whether, even within a picture that is not quantitative,
the masses predicted with the new sets of parameters are
not dramatically shifted from the original values. We re-
port in Table IV the binding energies obtained with the
original and with the readjusted interactions for the three
nuclei under study. Since in the original cases SIIIT,
SLy5T and D1ST2a of Refs. [5], [6], and [18] the tensor
part is not obtained with a global fitting procedure, but
is adjusted on top of existing sets of parameters, we will
show for these cases the binding energies obtained with
the original parametrizations SLy5 [7], SIII [2] and D1S
[13] that do not contain the tensor force. In the orig-
inal SLy5 case, the J2 contributions generated by the
velocity–dependent terms of the interaction are included
in the Hamiltonian density.
6SLy5T refitted SIIIT refitted T41 refitted D1ST2a refitted
compared with SLy5 [7] compared with SIII [2] compared with T41 [8] compared with D1S [13]
Original 16O 128.38 128.20 125.76 129.91
Refitted 16O 128.21 128.05 125.51 129.69
Original 90Zr 783.30 782.65 786.85 786.55
Refitted 90Zr 782.60 778.83 776.67 782.37
Original 132Sn 1103.91 1105.85 1102.45 1105.15
Refitted 132Sn 1092.14 1093.66 1084.67 1088.85
Table V: Binding energies in MeV obtained with the different interactions for the nuclei 16O, 90Zr and 132Sn.
SLy5T refitted SIIIT refitted T41 refitted D1ST2a refitted
compared with SLy5 [7] compared with SIII [2] compared with T41 [8] compared with D1S [13]
Original 40Ca 344.07 341.88 339.79 342.09
Refitted 40Ca 343.83 341.62 339.44 344.75
Original 48Ca 415.92 418.22 418.86 417.36
Refitted 48Ca 415.91 415.55 411.07 414.58
Original 56Ni 482.68 483.64 481.26 484.42
Refitted 56Ni 473.74 474.90 469.06 472.50
Table IV: Binding energies in MeV obtained with the different interactions for the nuclei 40Ca, 48Ca and 56Ni.
We observe that the refitted sets induce modifications
in the binding energies, as obviously expected. Anyway,
these modifications (which are for instance important for
the nucleus 56Ni) are not dramatic and one could expect
that a future global fit of all the parameters would help
us in reducing them. Of course, the objective of this
global fit would not be to obtain again the same values
of the binding energies found with the original forces,
but to obtain reasonable values with an adjustment done
on the experimental masses, without spoiling the good
properties of the tensor part.
Since the three nuclei under study are all medium–
mass systems, we have also checked that the binding en-
ergies remain in an acceptable range of values also for
the nuclei 16O, 90Zr and 132Sn, that are located in other
regions of the nuclear chart. In the case of 16O, that is
a spin–saturated nucleus, this check concerns only the
modification of the spin–orbit part. The results are re-
ported in Table V. One can draw the same conclusions
as already done for 40Ca, 48Ca and 56Ni.
IV. CONCLUSIONS
In this work we have used a fitting protocol intro-
duced in Refs. [9, 10] starting from existing Skyrme
and Gogny effective interactions that include a tensor
force. First, the spin–orbit parameter of the chosen ex-
isting parametrizations (six Skyrme and one Gogny sets
of parameters) is modified (reduced in all cases) to re-
produce the neutron 1f spin–orbit splitting in the fully
spin–saturated nucleus 40Ca. This case of 40Ca has been
chosen as an example of isotope where the standard spin–
orbit strength does not provide the correct splitting and
the tensor force has no effects. This indicates the neces-
sity of checking the spin–orbit strength before performing
the adjustment of the tensor parameters.
By employing this parameter, the like–particle tensor
effect is tuned on the nucleus 48Ca to reproduce the
neutron 1f spin–orbit splitting. This nucleus is spin–
saturated for protons and the neutron–proton tensor ef-
fect is thus negligible. The parameter α (VT1 + VT2)
for the Skyrme (Gogny) case is readjusted for those in-
teractions where these parameters are negative. On the
other side, the Skyrme interactions where α is positive
are excluded because they do not provide the correct be-
havior with respect to the experimental values. Finally,
by keeping the new spin–orbit and like–particle tensor
7parameters, we tune the neutron–proton tensor contribu-
tion on the nucleus 56Ni that is spin–unsaturated. Only
the Skyrme interactions where β is positive are retained
because β ≤ 0 leads to a wrong tensor effect. The param-
eters β and VT2 are then modified to reproduce the ex-
perimental splitting. In some cases these parameters are
reduced and in other cases increased with respect to their
original values. The general result is that these param-
eters have to be positive. It is worth observing that the
signs of the tensor Skyrme parameters are the same as the
corresponding Gogny parameters, in spite of the fact that
the range of the tensor force is different in the two cases.
It is also interesting to mention that, in the cases SLy5T
and D1ST2a, the ratio between the parameters that gov-
erns the like–particle and the neutron–proton channels is
very similar (-1.4 and -1.2, respectively).
With the present phenomenological arguments, based
on the fitting protocol of Refs. [9, 10], all the Skyrme
parametrizations of Ref. [8] where α is positive or β is
negative have to be excluded. The found regions of ac-
ceptable values for the parameters in the Gogny case can
be a very useful starting point for a future full adjustment
of the Gogny interaction in cases where a complete (pure
tensor plus tensor–isospin) tensor force is included. The
objective of this global fit would be to provide reason-
able values for the binding energies by keeping reasonably
good properties related to the tensor contribution.
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